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Abstract

The nonlinear random interaction of an elastic structure with liquid sloshing dynamics in a cylindrical
tank is investigated in the neighborhood of 2:1 internal resonance. Such internal resonance takes place
when the natural frequency of the elastic structure is close to twice the natural frequency of the anti-
symmetric sloshing mode (1,1). The excitation is generated from the response of a linear shaping filter
subjected to a Gaussian white noise. The analytical model involves three sloshing modes (1,1), (0,1) and
(2,1). The system response statistics and stability boundaries are numerically estimated using Monte Carlo
simulation. The influence of the excitation center frequency, its bandwidth, and the liquid level on the
system responses is studied. It is found that there is an irregular energy exchange between the structure and
the liquid free surface motion when the center frequency is close to the structure natural frequency.
Depending on the excitation power spectral density, the liquid free surface experiences zero motion,
uncertain motion (intermittency), partially developed motion, and fully developed random motion. The
structure response probability density function is almost Gaussian, while the liquid elevation deviates from
normality. The unstable region, where the liquid motion occurs, becomes wider as the excitation intensity
increases or as the bandwidth decreases. As the liquid depth or the structure spring stiffness decreases, the
region of nonlinear interaction shrinks and is associated with a shift of the peak of the structure mean
square response toward the left side of the frequency axis.
© 2004 Elsevier Ltd. All rights reserved.
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Nomenclature W (1) Gaussian white noise
(x,,2) rectangular coordinate system (see
c damping coefficient of structure Fig. 1)
F; vertical fluid force Z displacement of structure
F(1) narrow-band random excitation B angular position of nodal diameter
g acceleration of gravity Y bandwidth of a narrow-band ran-
h liquid depth dom excitation
k structure stiffness Com damping ratios of (m,n) sloshing
M total mass of structure and liquid (= mode
m—+my) n displacement of liquid surface
m mass of structure H =m/M
my mass of liquid 25 = m;R/(th)
P fluid hydrodynamic pressure P fluid density
R tank radius @ velocity potential function
(r,0,z2) circular cylindrical coordinate sys- Q center frequency of a narrow-band
tem (see Fig. 1) random excitation
So power spectrum density of white Wy structure natural frequency
noise Oy natural frequency of the (m, n) slosh-
t time ing mode

1. Introduction

The problem of liquid sloshing interaction with structural dynamics may fall into one of the
following categories:

1. Interaction of liquid sloshing dynamics with the container elastic modes. Two limiting cases
may occur where interaction disappears [1]. The first case deals with the excitation of liquid
surface modes where significant elastic modes of the container are not participating. In this
case, the analysis of the liquid in a rigid container will provide a satisfactory description of the
overall behavior. The second case deals with the excitation of the container elastic modes where
significant liquid motion does not occur. In this case, the presence of the liquid will contribute
to the distributed mass to the tank walls, and the analysis can be carried out without
considering any interaction with the liquid sloshing dynamics. Between these two limiting cases,
one should consider the nonlinear interaction between liquid sloshing and structure mode in
breathing and bending deformations.

2. Interaction of liquid sloshing dynamics with the supporting elastic structure. This type of
interaction takes place between the free liquid surface motion and the supported elastic
structure dynamics based on the assumption that the liquid container is rigid.

3. Liquid interaction with immersed elastic structures [2,3].

The first two categories have recently been reviewed by Ibrahim et al. [4]. The present work is
related to the second category. Under base motion of liquid water towers, the fluid container
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experiences motion in a certain trajectory governed by the excitation and the liquid response. The
free liquid surface motion results in hydrodynamic forces that are fed back to the supporting
structure. The dynamics of elevated water towers under seismic excitation was examined by Ifrim
and Bratu [5], Sonobe and Nishikawa [6], van Erp [7], and Shepherd [8]. The nonlinear interaction
in elevated water towers subjected to vertical sinusoidal ground motion was examined in the
neighborhood of internal resonance by Ibrahim and Barr [9,10], Ibrahim [11], and Ibrahim and Li
[12]. In these studies, the free liquid surface sloshing modes and the elastic support structure were
coupled through inertia nonlinearity, which results in internal resonance conditions among the
interacting modes (i.e., Z]';l kjw; = 0, where k; are integers and «; are the natural frequencies of
the coupled modes). This type of coupling is referred to as autoparametric interaction, and occurs
when an externally excited mode can act as a parametric excitation to other modes. The problem
of internal resonances in nonlinearly coupled oscillators is of interest in connection with
redistribution of energy among the various natural modes. This energy sharing is usually brought
about by resonant interactions among the natural modes of the system. The coupling among these
modes plays a crucial role in such interactions. In a straightforward perturbation theory, internal
resonances lead to the problem of small divisors (secular terms).

Under the principal internal resonance condition (i.e., when one of the normal mode
frequencies is twice another mode frequency), the system possesses a steady-state response [9].
Ibrahim and Barr [10] found that under the summed or difference internal resonance conditions
(i.e., one of the normal mode frequencies equals the sum or difference of another two mode
frequencies) the system does not achieve a constant steady-state response.

Nonstationary responses of cases including violent system motion, which can lead to collapse of
the system, were reported in the neighborhood of multiple internal resonances [11]. The multiple
internal resonances may occur when two or more sloshing modes are interacting with the vertical
and horizontal motions of the structure. In the neighborhood of the summed internal resonance
and one-to-one internal resonance, the structure and free liquid surface simultaneously oscillate
with a continuous increase in their amplitude. This growth could lead to structural failure if the
shaker excitation is not stopped. In the presence of one-to-two and one-to-one internal resonance
conditions, experimental observations showed a steady-state response over a frequency range
defined by the regions of instability. The regions of instability were indicated by the occurrence of
collapse in response amplitudes. Another type of instability, manifested by a jump in amplitudes,
was caused by a weak energy flow between the fluid modes and structure modes for a few cycles.
Within a short period of time, the system achieves a steady-state response.

Ibrahim and Li [12] studied liquid—structure interaction under horizontal periodic motion.
Ikeda and Nakagawa [13] and Ikeda et al. [14] considered the nonlinear interaction of liquid
sloshing in rectangular and cylindrical tanks with an elastic structure whose motion is orthogonal
to the tank vertical walls. They showed that the frequency response curves experience change from
soft to hard response characteristics as the water depth decreases. Under vertical sinusoidal
excitation of an elastic structure carrying a rigid rectangular tank, Ikeda [15] and Ikeda and
Murakami [16,17] determined the response of the coupled system when the structure natural
frequency is about twice the liquid sloshing frequency. As the excitation frequency approached the
structure natural frequency the free liquid surface was excited through the autoparametric
resonance and energy was transferred from the structure to the free liquid surface. An asymptotic
expansion of the wave height and velocity potential of the liquid coupled with structural dynamics
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was developed by Limarchenko and Yasinsky [18] and Lukovskii and Timokha [19] for simplified
models of spacecraft.

In the absence of internal resonance, Haroun and Elliathy [20,21] and Haroun et al. [22]
combined a finite element model of a tower with a mechanical model of an elevated vessel. They
included the hydrodynamic forces due to liquid sloshing and its interaction with the motion of the
supporting tower. They found that the fundamental mode of sloshing combined with the lateral
translation and the global rotation at the top of the supporting tower, yield maximum values for
the shearing force and overturning moment on the tower. The flexibility of the tank wall would
definitely increase these maximum forces, though such an effect can be neglected in small capacity
tanks. Kareem and Sun [23] studied the stochastic response of structures with liquid tanks in the
absence of internal resonance.

Soundararajan and Ibrahim [24] examined more realistic cases such as simultaneous random
horizontal and vertical ground excitations in the presence of a 1:3 internal resonance. They used a
Gaussian and non-Gaussian closure schemes to determine the system response statistics. They
found that both Gaussian and non-Gaussian solutions deviate appreciably from the linear
solution as the system approaches internal resonance but they converge when the system is
detuned away from the exact internal resonance. The autoparametric interaction was identified by
an irregular energy exchange between the two modes.

The concept of using sloshing hydrodynamic forces to control structure vibration has
been recognized long time ago. It is known that shallow liquid levels in a container
experience traveling sloshing waves. On the other hand, deeper liquid levels cause a
standing sloshing wave in the fundamental mode. For large wave amplitudes, there is a
critical depth, above which the liquid waves possess soft nonlinear spring characteristics
and below that level, the nonlinearity is of the hard type. Furthermore, standing waves
are associated with poor energy dissipation (see, e.g., Ref. [25]). The effectiveness of tuned
liquid dampers (TLD) has been studied analytically, numerically, and experimentally. Most
of the analytical studies did not follow the coupled differential equations of the liquid
interaction with the support main structure. In some few cases, the coupling was considered
numerically [26].

This paper deals with an elastic structure carrying a cylindrical tank partially filled with liquid
where the structure is vertically subjected to a narrow-band random excitation. The modal
equations are derived taking into account the liquid nonlinear inertia forces. Nonlinear coupling
between liquid modes and structure modes results in 2:1 internal resonance, i.e., when the natural
frequencies of the structure and the first anti-symmetric sloshing mode are commensurable. The
modal equations are numerically solved using Monte Carlo simulation, and the system response
statistics are estimated.

2. Theoretical analysis

2.1. Equations of motion

Fig. 1 shows a rigid circular cylindrical tank supported on an elastic structure represented by a
mass m, spring stiffness k, and dashpot with damping coefficient c. The liquid tank has a radius R,
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Fig. 1. The model for theoretical analysis.

and is partially filled with liquid to a depth /. A moving rectangular coordinate frame (x, y, z) and
a circular cylindrical coordinate (r, 0, z), are fixed to the liquid undisturbed free surface. The xy-
plane coincides with the equilibrium position of the liquid surface. The vertical displacement of
the mass m, measured from its equilibrium position when the tank is partially filled is Z,. The
vertical displacement of the liquid surface is #(r, 0, f) measured from the undisturbed free surface.
In terms of the velocity potential function @(r, 0, z, 1), the liquid motion inside the tank is governed
by the continuity equation (Laplace’s equation)
2 2 2
0’9 109 16<D+6_<1'):0. )

e TR e

The hydrodynamic pressure P(r, 0, z, t) is determined from Bernoulli’s equation [9,27] (also see

Appendix A)
o0 1| od\* 1 [od\® [0d\* P .
—aﬁz{(a) +,—2<@) +<§> }*g”f‘z“’ ?

where p is the fluid density, ¢ is the acceleration of gravity, and a dot denotes differentiation with
respect to time ¢.
The equation of motion of the structure subjected to vertical random excitation, F(z), is

mZo + CZ() + kZy = F;+ F(t) + myyg, 3)
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where F is the fluid hydrodynamic force acting in the z-direction on the bottom of the tank, and
my is the liquid mass. The fluid force F; is given by integrating the fluid pressure at the bottom of

the tank as follows:
2n R
== [ [ rreoz o yarae. )
0o Jo

where P(r,0,z, t) is determined from Eq. (2).
The random excitation F(¢) is assumed to be generated from the following linear shaping filter:
d*F L 9F

a2 T dr

where 7y, is the filter bandwidth, € is the filter center frequency, W(¢) is a zero-mean Gaussian
white noise possessing constant power spectral density D.
The following parameters are introduced:

zo=2Z¢/R, 7T=n/R, F=r/R, Z=z/R, h=h/R, u =m/M, u,=m/(nMh),
¢ =D/(RPw), k=k/(Mw}), (=c/(Mon), f=F/(MRwi}), wr)=W({)/(MRo]),
f1=Fi/(MRw})), p=P/(pRw}), t=o0nt, &Em=I mR Q=Q/on, 7=r7y/on,

M =m+m, oy =+/gintanh(Anh), g =& tanh(EA/R), &y = \k/M /o, (6)

where A, is the nth positive root of the derivative of Bessel function d/dr{J,,(Ar)}|,—g = 0. The
subscript (m, n) refers to m nodal lines and the nth-order to a nodal concentric circle. In terms of
the new parameters (6), Eqgs. (1)—(3), and (5) are

¢ 10 1% ¢

+ QF = QW (1), W)

i TR T @)
3¢ 0p\* | 1 (3¢\* | (9¢)’ iz
d’z dzg Tpyh
mog g R =1 +/@+ o 9)
& df
27 g, + Q*f = Qw(n), (10)
where
2n 1
o / / (7, 0,7, ). dFdo (11
0 0

and w(t) is a zero-mean stationary Gaussian white noise process with variance 2, and constant
power spectral density intensity Sp.
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The boundary conditions at the tank walls and bottom are

op| 0¢
5 . =0 and o7 1.

i=—h

= 0. (12a,b)

The kinematic boundary condition requires that the velocity of the liquid surface in
the vertical direction is equal to the vertical velocity of the fluid particle on the liquid
surface [9,27],

=% oror Ropop IS (13)
Since the pressure p = 0 at the free surface Z = 7j, the dynamic boundary condition is
ap 1 [ [9p\* 1 [3p\> [0¢\> 1 dz
—+ =< [ = === — —ZIZ=———7Z atzi=1. 14
aﬁz{(w) +f2<69 o) [Ty T At M (14

Eq. (7) together with the boundary conditions (12)—(14) describe the fluid field equations, which
are coupled with the structure equation of motion (9) and its filter equation (10).

2.2. Modal equations

The solution of Laplace’s equation (7) that satisfies the boundary conditions (12) may be
written in the form

o0 00 _ -
017.0.2.9 = 4+ 3= a9 cosml + s m0}(Eue?) B )

The free surface elevation may also be written in the form
A0, =33 (con(1) 08 0 + dyn(2) Si mO)T 1 (EiP), (16)

m=0 n=1

where a., dyn, by, cmn and d,,, are the generalized coordinates. The term a.(7), in Eq. (15), is
very important because it is associated with the fluid force, which will be determined in the
nonlinear analysis in the next section. Since the position of the liquid surface at rest is taken at the
origin (i.e., at Z = 0), the constant term may not be necessary in Eq. (16).

In the present analysis we consider the interaction of the three sloshing modes (0, 1), (1, 1) and
(2, 1) with the structure dynamics. Mode (1, 1) is the first anti-symmetric sloshing and has two
different modal amplitudes ¢;; and d;; whose nodal diameters are perpendicular to each other. In
the nonlinear analysis, these modes are coupled.

Introducing a small parameter ¢, and defining the following orders of the amplitudes and the
damping coefficient {:

ain, bii, e, diy, zo; (=~ O(E?), (17a)
de, ag1, Co1,a21,ba1, €21, dr ~ 0(82/3), (17b)

az1, by1, c31, d3) & O(&3). (17¢)
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The orders of all other amplitudes, which are not shown in relations (17), are assumed to be
smaller than O(e). The procedure begins by considering ij to be small, and expanding Egs. (13) and
(14) about 7 =0 after substituting Eqgs. (15) and (16). By expanding the result into a
Fourier—Bessel series in terms of Jo(&y7), J(&,,17)cosmO and J,,(&,,;7)sinm0 (m = 1,2), and
equating the constant terms and the coefficients of Jo(Ey;7), Ju(&,n17) cosmB and J,,,(&,,,1 7) sin m6O on
the both sides of these equations, gives the modal equations as follows:

The equation of motion of the structure is

0120 + (20 + kzo + Osite + Gi(arr, b)) = f (). (18a)

Sloshing modal equations of the first anti-symmetric mode are

) | I .
ay + <l/j—+20> ci1 + Galai, bjr, ain, b, e, dj) = 0, (18b)
1
bii + <l//_+ Zo>d11 + Gs(air, bj1, ain, by, it  djy) = 0, (18¢)
11
¢ — Yan + Ga(ai, by, e, djn) = 0, (18d)
dii — Yy + Gs(ain, bj, e, djn) = 0, (18e¢)
e + Gelarr, by, 20, a1, biy, ciy,diy) = 0. (18f)
Sloshing modal equations of the first symmetric mode are
aopr + <¢ +Zo>601 + Gy(ai1, bi1,an, b, cir,diy) = 0, (18g)
1
¢o1 — Yora01 + Gglai, by, cii,di) =0, (18h)
Sloshing modal equations of the second anti-symmetric mode are
ar + <l//—+ Zo) 1 4 Golayy, bii,an, by, cir,diy) = 0, (181)
11
by + <‘ﬁ—+ Zo>d21 + Gyolar1, bi1,an, by, i1, diy) = 0, (18j)
1
C21 — Yya01 + Gri(an, biy, e, din) =0, (18k)
da1 — Ya1ba1 + Gia(an, biy, e, din) = 0. (181)

where a dot denotes differentiation with respect to the nondimensional time parameter , ¥,,; =
& tanh(&, )(m =0,1,2), O, = p; + nuyh, and O, = —mp,. Gi(k = 1,2,...,12) represent the
nonlinear terms, which consist of variables shown in their parentheses (see Appendix B). Eq. (18a)
is obtained from the structure equation of motion (9). Eliminating a. from Egs. (18a) and (18f),
gives

0,20 + (2o + kzo + Gia(an, bir,an, biy, cir,diy) = f(2), (19)
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where G13 is given in the appendix. Eliminating the variables a1, b11, a1, d21 and by from Egs.
(18) and (19) and considering the modal ordering assumption (17), gives as follows:
The structure equation of motion is

0,20 + (20 + kzo + H1 (3, e diys ennudiy) = £ (1) (20a)
Equations of motion of first anti-symmetric sloshing mode are
én 4 20en + (L+ Yy Z0)en + Ha(én,dp, e, djp) = 0, (20b)
diy +20ndy + (U4 ¥y Z0)dy + Ha(en,djr, cnudjy) = 0. (20c)
Equation of motion of first symmetric sloshing mode is
Eo1 + 2801001601 + @i (1 4+ Yy Zo)eor + Ha(Zo, ¢11,dii, cir, diy) = 0. (20d)
Equations of motion of second anti-symmetric sloshing mode are
éa1 + 2001021621 + @3 (1 + Yy Zo)ear + Hs(Zo, én1udirs ern,din) = 0, (20e)
do1 + 2051001d01 + @3, (1 + Yy, Z0)dar + He(o, ¢11,di1, i1, diy) = 0, (201)

where @2, = ¥,.,/¥11» and H; (I =1-6) represent the nonlinear terms, which are listed
in the appendix. It should be noted that viscous damping terms are added in Egs. (20b)—(20f)
in order to account for energy dissipation. (,, is the damping ratio corresponding to
sloshing mode (m,n). Eq. (20) involve quadratic and cubic inertia nonlinear coupling
terms that give rise to the occurrence of internal resonance. From the nonlinear coupling terms
in Eq. (20), it is not difficult to show that principal internal resonance can take place if the natural
frequency of the structure d@; is close to twice the natural frequency of the first anti-symmetric
sloshing mode.

2.3. Random excitation of the uncoupled system

This section considers the mean square response of the structure with the liquid as a frozen
block. Such analysis is valuable in verifying the accuracy of Monte Carlo simulation and will be
used to normalize the response of the coupled system. In this case, we consider the equation of
motion

0,20 + (20 + kzo = f(0), (21
where f(7) is defined by Eq. (10). The autocorrelation function R, (t') of zy(7) is
Ro(@) = [ IHGo)PS, @) do, 22)

where H(jw) is the frequency response function of z¢(t) to w(t) in a complex form, which can be
obtained from the transfer function

Q 1
45+ OS2+ is+k

H(s) = (23)
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S, (w) = So(= constant) is the power spectral density of the white noise. Substituting " = 0 into
Eq. (22), gives the mean square response E[z]]

PIR) = RO = 50 [ HGo)Pdo
_ 1Sol(C + 70N Q° + &y + k) — O,k + Q%)) .
K +70)(0,9% + Oy + )k + (Q%) — kQ*( +70)) — 0,(vk + (%)}

This solution is mainly used for verifying the Monte Carlo simulation. The white noise w(t) is
generated from a random number series with zero mean value and variance o2, = 21Sy/At by
using a FORTRAN subroutine based on the Box and Muller method [28]. In the simulation, the
power spectral density S,,(w) is defined by

24)

{ So (—oy<ow<oy),

Sw(w) =

0 (—oo<w< —oy,oy<m<oo),

where wy is the Nyquist frequency, which is given by wy = 2n/(2A1) = n/At, with At = 0.25.
Fig. 2 shows time history records of the Gaussian white nose w(t), the narrow-band random force
f(r) and the displacement zy(t) of the structure using the Runge—Kutta—Gill method. Fig. 2 is
obtained for fluid depth ratio # = 1.2, structure mass ratio x; = 0.87, liquid mass ratio y, = 0.034,
structure stiffness parameter k = 4.0, structure damping parameter { = 0.03, excitation spectral
density Sy = 2.0 x 1077, filter bandwidth y = 0.1 and filter center frequency ratio Q = 2.0. The
mean square response of the structure was estimated using Monte Carlo simulations using 100
different sets of random number series. The analytical and numerical estimates of E[z]] were
found in good agreement.

3. Numerical results
3.1. Random excitation of the coupled system

The nonlinear modal interaction of the liquid free surface motion and structure dynamics is
considered using Monte Carlo simulation. The numerical simulation of Eq. (20) is carried out
when the natural frequency wy of the structure system is close to twice the natural frequency of the
sloshing mode (1,1), i.e., wi(= \/k/M) ~ 2wy,. Fig. 3 shows a sample of time history records for
w(t), f(2), zo, 1], c11, d11 and f, for the same values of parameters used in Fig. 2, and damping
ratios {o; = {11 = {51 = 0.01. The liquid elevation #(7, 0) is estimated with reference to the position
(7,0) = (1,0). The initial values in integrating Eq. (20) are all 0.01. The displacement z, exhibits a
narrow-band random process, while the time histories of ¢;; and d, reflect irregular rotational
motion of the nodal diameter. The rotation of the nodal diameter is measured by the angle f§ as
defined in Fig. 4. This angle is estimated by considering the (1,1) sloshing mode and expressing the
liquid elevation as follows:

(7, 0) = (c11 cos O + dyy sin 0)J1(&y,7) = A cos(0 — B)I1(Ey17), (25)
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Fig. 2. Time histories in an uncoupled system (where the liquid is frozen) when /7 = 1.2, yt; = 0.87, u, = 0.034, k = 4.0,
£=0.03, So=2.0x 1077, y=0.1 and Q =2.0.

where 4 = /3, + d%l and f = tan~!(dy;/c11). The numerical simulation reveals that the angle f8
is irregular as shown by the discretized points in Fig. 3.

Figs. 5(a)—(c) show three sets of time history records whose time axes are enlarged for the same
parameters of Fig. 3. Each figure also includes the corresponding trajectories on the (ci1,d11)-
plane for three time intervals (a) 1375<t<1500, (b) 4500<t<4625 and (c) 5000<7t<5125,
respectively. It is seen that f§ is close to +135° or —45° in Fig. 5(a). This means that the nodal
diameter maintains its orientation and does not rotate. On the other hand, Figs. 5(b) and (c)
reveal that f continuously varies with time. This means that the nodal diameter rotates
counterclockwise then clockwise then counterclockwise and so on in an irregular manner.

Fig. 6 shows the response curves for the mean square response, E[z], of the structure and the
liquid mean square responses, E[c?,] and E[d%l], of the sloshing mode (1,1). The symbols e and o
represent the numerical results, which are calculated by Monte Carlo simulations using 100
different sets of random number series, while the dash—dotted curve represents the theoretical
result obtained from Eq. (24). In Fig. 6 and subsequent figures, the statistics are estimated from
100 different sets of time histories for duration of z = 1000 to 6000 of the time histories in order to
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Fig. 5. Time histories magnified at each time interval in Fig. 3 and its trajectory on the (cj1,d1)-plane. (a)
1375<t<1500. (b) 4500 <1<4625. (c) 5000<71<5125.

eliminate the transient responses. Figs. 6(a)-(c) show the dependence of the mean square
responses on the center frequency 2 of a narrow-band random excitation for three different values
of bandwidth y = 0.1,0.2 and 0.3, respectively, and for the same parameters of Fig. 3. Comparing
these results with those of the uncoupled system reveals that the mean square response, E[z]], in
the coupled system drops over a finite range of @, where the liquid free surface motion interacts
with the structure through nonlinear coupling. As the filter bandwidth, y, increases, the peak of
E[z3], shown by solid dots e, decreases, associated with a shrinking in the range of Q, over which
the interaction with liquid motion takes place.
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Fig. 7 shows the dependence of the normalized mean square of the structure E[z3],./ E[zﬁ]f on
the center frequency for various values of bandwidth y, where the subscript “c¢”” denotes coupling,
and “f” denotes frozen. This normalized representation provides direct information regarding the
degree of nonlinear coupling and the energy transfer between the structure and liquid surface
motions. It can be seen that the amount of the energy transfer from the structure motion to the
liquid surface motion becomes predominant as y decreases.

Fig. 8 shows the plots of the probability density function (pdf) of the structure displacement z,
and liquid elevation 7 for (a) 2 = 1.9, (b) 2 = 1.95 and (c) 2 = 2.0 according to Fig. 6(a). The
dotted pdf plots represent the estimated results from simulation, and the solid curves represent the
Gaussian pdf calculated from the mean and mean square values of zy and #j. The distribution p(z)
is almost Gaussian, while p(77) is deviated from normality. Since the liquid elevation 7 exhibits
zero-amplitude intervals in the time domain, p(#7) deviates from a Gaussian distribution when the
center frequency is closer to the stability boundaries as will be demonstrated in Fig. 14. It should
be noted that the response pdf curves of both structure and free surface height shown by solid
curves exhibit asymmetry for Q = 2.0.

Fig. 9 shows the probability density functions p(Amp[z¢]) and p(Amp][c;;]) of the amplitudes of
zo and ¢ for (a) =19, (b) Q=195 and (c) 2 =2.0 in Fig. 6(a). These amplitudes are
calculated using the following expressions:

N
Amplzo] = /22 + 25 and Amp[e;] = /3, + (%) . (26)

The solid curves represent Rayleigh’s distribution. It is obvious that the distribution p(Amp|[zo])
coincides with a Rayleigh distribution, since zy exhibits a Gaussian process. p(Amp[c;1]), however,
deviates greatly from the Rayleigh distribution, especially for Q = 1.9, because its time history
involves a lot of time intervals of zero amplitude.

Fig. 10 shows the dependence of the mean square response of the liquid amplitudes ¢;; and dy;
on the excitation spectral density Sy. This figure is magnified in Fig. 11 and both figures reveal
that the mean square value of the liquid elevation gradually increases as the intensity Sy increases,

®
m
3 L

(E 04 —O— y=01

r @ =02

02 r A 7=03

0 L 1 L 1 L 1 L

18 19 20 21 2.2
Center frequency Q

Fig. 7. Ratio of E[Z}].ina coupled system to E[z(z)]f- in an uncoupled system for various values of bandwidth y when
h=12, 4, =087, u, =0.034, k =4.0, { =0.03, {o; = {;; = {33 =0.01 and y =0.1.
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and that E[c?,] is nearly equal to E [d%l]. The stability boundary of liquid sloshing is defined in this
analysis by taking the value of the mean square level Ay = 2.0 x 10~* that corresponds to
So ~ 0.15 x 1077, This threshold mean square level refers either to mode ¢;; or mode d;.

Fig. 12 shows the averaged time lengths of different regimes of liquid motion taken from 100
time history records for the same values of parameters as those in Fig. 10. These time history
records reflect the way in which the energy is redistributed among the fluid and structure modes
due to the presence of internal resonance and excitation level in addition to the physical properties
of the system. The value Ay = 2.0 x 10~* was defined in Fig. 11. This value corresponds to the
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in Fig. 3.
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Fig. 11. Magnified graph of Fig. 10.

value 4y = 0.02 of the amplitude of ¢;; or dyy, since the relation Ay = /24 is satisfied. The time
length T'yign of high liquid level is defined when the amplitudes of ¢y or d;; exceed the value Aj.
From Figs. 11 and 12, four kinds of regions are identified depending on S as reported in Ref. [29].
Region I corresponding to Sy <0.15 x 1077 (zero liquid motion), where the liquid free surface is
stable. Region II corresponding to 0.15 x 1077 <8 <0.3 x 10~ (uncertain zero motion, or on-off
intermittency), where the mean square values of ¢;; and d; are very small, that is, T'y;gp is close to
zero, but the liquid sloshing occurs intermittently. In region II, Thign 1s less than 50% of whole
time interval as shown in Fig. 12. Region III, 0.3 x 1077<S;<1.0 x 1077, corresponds to
partially developed motion, i.e., large amplitude of sloshing occurs over a finite time interval and
then decays for next time interval. Region IV, Sy>1.0 x 1077, corresponding to fully developed
motion and is characterized by continuous random liquid motion. In region IV the time length of
high liquid level is more than 90% as shown in Fig. 12.
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Fig. 12. Averaged time length of the high liquid level for the same values of parameters as those in Fig. 10. Region I:
zero liquid motion; region II: uncertain zero motion; region III: partially developed motion; and region IV: fully
developed motion.

Fig. 13 shows time history records for different excitation levels: (a) Sy =0.25x 1077, (b)
So=0.5%x10"7, (c) So=1.5%x10"7 and (d) Sp=3.5x 10"". Figs. 13(a)~(d) correspond to
regions II, III, IV, and 1V, respectively. It is seen that the angular position ff remains constant in
region II of Fig. 13(a) and region III of Fig. 13(b). In region IV shown in Figs. 13(c) and (d),
however, f§ changes during a part of time interval, and then f violently changes as S, increases
much more as seen in Fig. 13(d).

Fig. 14 shows the stability boundaries in the parameter space (€2, Sy) for y = 0.1, 0.2 and 0.3,
based on the definition of Fig. 12, i.e., the boundary between regions I and II. The values of the
system parameters are the same as those in Fig. 3 except those values of  and Sy. The symbols e,
B and A stand for the unstable case where the liquid sloshing occurs, while o, A and [ represent
the stable case where the liquid motion does not occur. It is seen that the unstable region becomes
wider as y decreases or as Sy increases.

Fig. 15 shows the correlation coefficient between ¢;; and d;; calculated by the expression

> (e — ElenD(d1; — E[di])
plei,dn] =
VX e — Elen) S — Eldn])

The function p[ci1,d1] gives the correlation between ¢, and dy;. The shape of the time history of
c11 1s very similar to that of d;; when S, is small as shown in Figs. 13(a) and (b). For small Sy,
both ¢;; and dy; are only excited independently and the intensity of interaction between them is
very weak. In contrast, p[ci1, d;1] is small when Sy is comparatively large. In this case, the shape of
time history of ¢1; becomes different from that of dy;, as shown in Figs. 3 and 13(d). This implies
that the energy can be exchanged between ¢;; and dy;, due to the nonlinear coupling of the two
modes.

Figs. 16(a) and (b) show the mean square responses when the liquid level is lower than that of
Fig. 6(a). The values of parameters which differ from those in Fig. 6(a) are 1 = 0.55, y; = 0.94 and
1, = 0.035 in Fig. 16(a), while they are & = 0.40, u; = 0.96 and pu, = 0.032 in Fig. 16(b). As the

27)
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value of /i decreases, the range of @, where coupled vibrations occur shrinks and the mean
square values E[c?,] and E[d%l] of liquid elevation decrease. In addition, as / decreases, the
peak of the response E[z}] moves toward the left-hand side. This seems to come from the
system characteristics associated with the frequency response curve in the case of a harmonic
excitation [17].

Figs. 17(a) and (b) show the mean square responses for two different values of the spring
constant & = 3.80 and 3.67, respectively. By introducing the detuning parameter o1, = @, — 2@11,
Fig. 17(a) is obtained for a;; = —0.0489, (&, = 1.9511, @, = 1.0), while Fig. 17(b) is for a;; =
—0.0825 (w; = 1.9175 and @;; = 1.0). It is found that the peaks of the mean square responses
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E[¢},] and E[d%l] of liquid elevation in Figs. 17(a) are larger than those in Fig. 6(a), and that they
become smaller than those in Fig. 6(a) as the absolute value of o) increases. In addition, as k
decreases, the peak of the response E[z3] moves toward the left-hand side, like as shown in Fig. 16.

3.2. Uni-modal sloshing

The results of Section 3.1 considered the interaction with three sloshing modes (1,1), (0,1) and
(2,1). It is useful to consider the simpler case of a single sloshing mode interacting with the
structure in order to evaluate the structure’s statistics. We set dij; = ¢co1 = do1 = ¢21 =dr; =01n
Eqgs. (20). In this case, the structure displacement zy and the amplitude ¢;; are coupled. Fig. 18
shows the mean square responses of E[z]] and E[c7,]. It should be noted that the scale of the
ordinate E[c},] in Fig. 18 is twice as large as that in Fig. 6(a), albeit the magnitude of E[z}] is
almost the same as that in Fig. 6(a), while the magnitude of E[c},] in Fig. 18 is just twice the
magnitude of that in Fig. 6(a). This may be attributed to the fact that the orthogonal mode is not
coupled with the mode c¢y;. Thus, it is found that one can obtain the adequate results from the
statistics of the structure response.

4. Conclusions

The random excitation of an elastic structure carrying a cylindrical liquid tank has been studied
numerically in the neighborhood of 2:1 internal resonance. The analytical model was developed to
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Fig. 18. Mean square responses for the uni-modal sloshing when the values of parameters are the same as in Fig. 6(a).

include three sloshing modes. It is found that over a narrow band of the excitation center
frequency the liquid motion acts as a nonlinear vibration absorber of the structure response. The
rotational (swirl) motion of liquid surface was found to occur more violently as the excitation
intensity increases. The structure displacement response displayed a Gaussian process, while the
liquid motion pdf deviated from a Gaussian distribution. The time history records generated for
different excitation levels revealed four regimes of liquid surface motion: zero motion, uncertain
motion, partially developed motion and fully developed motion. The unstable region, where the
liquid sloshing occurs, becomes wider as the excitation intensity increases or when its bandwidth is
reduced. A uni-modal sloshing modeling proved to be adequate to study the structure dynamic

interaction with the liquid.
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Appendix A

Applying Newton’s second law to a fluid particle in a nonviscous fluid, we can obtain the
equations of motion in the moving coordinate system O—xyz or O—r6z (see Fig. 1) as follows:

P % = —grad P + pg, (A.1)

where v is the velocity vector of the fluid particle which exists at the spatial position (x, y, z) at time
t, and g is the vector of gravitational acceleration. By noting the fact that

dv Ov

FTiRT] + (v - grad)v (A.2)
and taking into account rotv = 0 for an irrotational fluid, and using the equation
1
3 gradg® = v x rotv + (v - grad)v = (v - grad)v, (A.3)
Eq. (A.1) may be rewritten
ov 1 rad P
— +-grad¢®* = — £ +g, (A.4)
or 2 0

where ¢ = |v|. It should be noted that the velocity potential @ can exist under the assumption of
irrotational flow. Therefore the fluid velocity can be expressed by using @ as follows:

v = grad &(= V). (A.S)
Substituting Eq. (A.5) into Eq. (A.4), we obtain

orad (22 + L arad? = —EP L oad(—go). (A.6)
ot 2 0
Therefore Eq. (A.6) may be rewritten
grad a—¢+lq2+£+g2 =0. (A.7)
o 2 I
Integrating Eq. (A.7), we obtain
0P 1 P
S+ gz =) (A.8)
o 2 0

It is convenient to write the velocity potential & as the sum of the part corresponding
to the tank motion, @y, and the part corresponding to the fluid motion relative to the
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tank, @, i.e.,
O =Py + D (A.9)

The velocity of the tank vy can be expressed by using &, and unit vectors e,, ey and e, in the
cylindrical coordinate system as

09 1 09, 09

—_— — —e.. A.10
or "t e T ® (A.10)
The velocity vy, i.e., the relative velocity of the origin O in the coordinate system O-xyz with
respect to the fixed coordinate system O'~XYZ, can be also expressed by

= Zse., (A.11)

where Z; is the tank velocity since the tank is excited only in the vertical direction. Egs. (A.10) and
(A.11) lead to

vo = grad @y =

0P 1 0@ 0P
0_ g 0_ g 0

=0yt = (A-12)
Integrating Eq. (A.12), we obtain
Dy = Zyz + e5(2). (A.13)
Partial differentiation of Eq. (A.13) with respect of ¢ yields
0o
610 = Zoz + é2(0). (A.14)
Substituting Egs. (A.9) and (A.15) into Eq. (A.8), we obtain
oo 1 P
— 4+ Zoz+ )+ = ¢ +—+ gz = (o). (A.15)
ot 2 0
If the velocity potential @ is replaced by @ + [{ci(7) — ¢2(1)} dt in Eq. (A.15),
o 1 P
m +3 q +— +gz = —Zyz. (A.16)
Using the velocity potential @ instead of the Velomty g, Eq. (A.16) may be rewritten as
o0 1 [ /0d\* 1 [ad\® [0¢
— 4+ =< = — = — =7 A.l
az+2{<ar> T (ae) +<az> t3 +gz 0% A.17)
Appendix B

The nonlinear terms G; (i = 1,2,...,13) in Egs. (18) and (19) are expressed by
Gi = Qs(ai, + b)),
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Gy = Quapiciy + Qsaricor + Qgricar + Qraaic1y + Oghiiday + Qgbad
+ Q10Banct, + ands, 4 2byicidi) + Oy aoan
+ Qp(anaz + biibyy) + Qisat cii + Quubi e + Osanbiidii,
G3 = Qyednrdir + Qpqbricor + Qisanida + Qoindiy + Qxbricar + Oybaicr
+ 0y Qaricridyy + biic}y + 3b11dy) + Qrza01biy
+ Qulariba — anbi) + Oysanbiicn + Qugatidin + Oxbi iy,
Gy = Qxanicit + Oxaiicor + Qylarica + biidan) + Oy (azicry + badiy) + Qpanci
+ Os3briendnn + Q34011d%1>
Gs = Qssandii + Qsebiicor + Oyp(arndar — biiea) + Qsglandin — barerr) + Qyobiici
+ Ogoariciidyy + Qqbiidi,,
Gs = Oplancn +bndn) + Opal, + b)), Gr = Qulanci +bidi) + Qus(ai, + by),
Gs = Quelancii +budn),  Go= Qulaiicn — bidn) + Qulal, — b)),
Gro = Qp(andiy + buiien) + Quanbn,  Gii = Quolanci — biidn),
G2 = Oglandi +buen), Giz = Osyl@ricrr + bidi) + Qsi (@t + b)), (B.1)
where the coefficients Q, (i =1,2,...,51) are given by
r T O 120
= + TT h’ = —7T . T DN = K s
0 =u 1253 0, o O 2cosh2(£11h) 04 =¥ K|

Q5=¢11K%2O> Q6 2¢11K0215 Q7 2¢21K021> Q8:Q6> Q9=Q7>

O = 852 K, 0 =9" vy KPP, Qp= 2(3’“2 + 26!+ Y KT,

O3 =39, B + 1 + 3L KN, Q= Ly (@™ + 36 + LK),

Q15 = %'Pll(rlml - K(])40 + 5?1K(1)4O)a Q16 = Q4a Q17 = Qs’ le = Q(» Q19 = —Q%

on = —Qg, Q21 = Q9» sz = Q10a Q23 = Qll: Q24 = les Q25 = Q15a
O =01, 0r7=03 Ox= VIOI églK%zo’ Oy = VIOI 5%1[(}20»

O3 =37+ 27 = ELKP, 03 = 501" + 26 = G K,

Qs = g (6" + 267 =363 KV, Oy =4y QI 4+ 260% — &7 KO,

99
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Oy = %‘Pn@rim - 2K?40 - 5%1K04O) O35 = Oog, 036 = Org,  O37 = Qo

Oy =—03, O39=03, 0Q4p=05 04=0n O0Opn=y¢,G0u,
Op=3%0+g, + V1iGn),  Qu = %"D“K(l)zo’

Ous = OO + K2 + Y2 K1), 0, = 1001 4 K120 — &2 K120),
Oy = %‘//111(321, Oy = 4(7’211 K92+ Yt K,

Qo = 2(?211 Ky 511K021) 050 =—0,04p, 051 = 03— 004
The symbols in Eq. (B.2) are as follows:

1 1
1
G = [ B ewndr, g = [ LB
0 0

1 .
Kik = /0 71 oDV (€0 PIE (P A7) G,

b o(dJ 1
fx:/o { lfrni’)} 5 /F{Jo(ém’)—Jz(inf)}df,

. 1 .
KZf‘=/O }J:)(éolf)yl(éllF)le((éﬂf)dF/Gmla
ri = / ARG - DEaP] & BEnPI A/ G,

ik — / FAE) = (P k(P 7/ G,

lpmn = émn tanh(émnﬁl

The nonlinear terms H; (I = 1,2,...,6) in Eq. (20) are given by

. . -2

Hy = Sxéo1én + Sa(énéar +duda) + Ssciiéty + Seendy, + S7éndidn
+ Sscorcir + Socricar + Siodiida + Sucfl + Sl2clld%1a

(B.2)

(B.3)
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H; = Si3¢1d11 + S1a(ér1dar — éadny) + Sisétydi + Siedydin + Sizenéndn
+ Siscordiy + Siociidar + Sxweadiy + Sudy, 4 Snctid,

. . 2
Hy = Syl + ¥, 20)(ct) +diy) + Sa(éf, +dy)),

B} . 2
Hs = S»(1+ WllZO)(C%l - d%l) + 526(0%1 —dy),

Hg = Sy(1 + ¥y, Z0)endi 4 Sxwénid, (B.4)

where S; (i =1,2,...,28) are constants determined by the system parameters.
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